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1. Decision Criteria

The decision problem to which this paper is addressed is: Which
pupils, if any, should be enrolled in which =sducational programs when one
is interested: in the programs' cost and "effectiveness'?

The major difficulty of this problem lies in finding a decision cri-
terion which combines the programs' cost and "effectiveness" in an accept-
able way. In this section a general procedure for the construction of
single decision eriteria, which combine the decision-maker's objectives
and interests In an acceptable way, is rresented.

A complete development of tlhe problem on which the present paper is
based appears in the author's doctoral diszertation (Badran, 1970). Availsble

either from the University of Pennsylvania in miecrofilm form or from IETS.

The Nature of Decision Criteria

First let us e%plicate the concepts "attribute," "attribute's domain,"
"attrﬁbute‘s range,”" "observable attribute," "one's small world," and
"ideal state."

To begin with, an attribute of zomething is a property of that some-

thing. The domain of an attribute is the set, containing at least one

=

Some of the initial work o this paper was done while the author
wag participating in Chicago Title i Evaluation under contract with
the Chicago Board of Education. !
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element, to which the ateribute meaningfully applies, that is, an element
of an attribute's domain is thought of as a carrier of the attribute. For

"self-image," "resource-availability"

example, the domains of the attributes’
and "a program's success toward the achievement of a given objective" are,
respectively, the individuals, the resources and the programs that are

under consideration. For the purpose of the present section, we will use
"self-image" and "resource-availability" as paradigm examples of attributes.
Let us, for the purpose of avoiding monotonous repetition, denote the attri-

butes'"self-image" and "resource-availability" by Q3 and Qz , and their

respective domains by Dy and Dy , at is,

Q1 = Sell-image,

Q2 = Resource-availability,

Dy = Tndivi:dua,l,s under considera:ticn
and

Do = Resources under consideration.

The range of an attribute is any set, containing at least two distinct
elements, which partition the attribute's domain inte eguivalence classes.
The eleﬁents of an attribute's range aré calle@ the attribute's cafegoriesi
Depending on the nature of an attriﬁute, its range will be equivalent to
an interval of the r=al line or equivalent toc a subset of the zet of
integers. An attribute whose range is equivalent to an interval of the
real line is said to exhibit continucus variation; otherwise it is said to
exhibit categorical variation. Exumples of continuously varying attributes
are the age, the height and the weight of an individual. Although the

units of measurements for these attributes are different, they all have the
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interval [0,») as their common range. Examples of categorically varying
attributes, on the other hand, are the sex, the coclor and the religion of
an individual. The range of the sex attribute, for example, could be rep-
resented by any three elements set, e.g., {F,N,M} , where ¥ = Female ,

N = Neuter and M = Male . lNow, let us explicate the defining propusition,
namely, the attribute's range partitions its domain into equivalence classes.

Suppose the atlributes in which we are interested are Q; and Q3 . Let

Rp = {rj1.ri2-.r13} >

and

Ry = {ryy,rpl

Aenote the respective ranges of Q; and Qp , where, for example,

I

ryy The "low" category of self-image,

ri, = The "medium" category of self-image,

and
ry3 = The "high" category of self-image,
r21 = The "expended" catégory of resource-availability
and
rss = The "nonexpended" category of résource—availabi;ityﬁ

Upon evaluation or otherwige, ¢.&., use of psychclogical tests and account-
ing data, each of the individuals and the rescurces that are under ccnsid-

eration will be paired off with one, and only one, of the above categories.

'Such pairing off for individualsiwill partition the domain into three

equivalence classes,namely, individuals who are "low" witl respect to their

[Ty
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gelf-image, individuals who are "medium” with respect to their self-image
and individuals who are "high'" with respect to their self-image .
Naturally, any meaningful discourse about Q; and Qz must be based
on the facts that (a) two individuals can differ with respect to their
self-image, (b) resources, at two points in time, can differ with respect
£0 their availability and (c) there are nontrivial procedures by which
such differences can be identified. An observable attribute is, precisely,
cne with respect tc which a meaningful discourse is possible. That is,
more specifically, an attribute is observable if there is a nontrivial
procedure which maps the attribute's domsin into its range. The nontriviality
requirement sbout such procedures is introduced so as to rule out
procedures with no support from legic and/or fact. For example, the
attribute "self-image" is Trivially observable under the following pro-
cedure, namely: for each individual under consideration, draw a random
number and pair off that individual with r;; , rj; or r;3 vwhen the
nwiber drawn is O(mod 3), 1(mod 3) or 2(mod 3).2 The triviality of this
procedure stems from the fact that it is non-reliable and is invalid—
nonrelisble in the _ense that the procedure, applied re-
peatedly over a short pericd of time, wil; no? pair off the same individual
with one and the same category; invalid, on the other hand, in the sense of
lack of logical and/or factual suppor% for the premlées on which the pro-

cedure is based. The nontrivial procedure, the existence of which insures

2 When Xy ,» X2 , X3 and X, are nonnegative integers and
X; = X3X, + X3 , one says that X, = X3 mod(Xp) and/or X; = X3 mod(X,) ,
e.g.> T =1mod(2) = 1 mod(3) . )

e
ul
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.he observability of an attribute, is called the attribute's associated
scale. When Q; and @Qz are obscervable, their respective associated
scales are denoted by T; and Ty , e.g., T; might be a psychelogical
test and T2 might be an accounting procedure. Knowledge of Dy , T

and R; amounts to a formal specification of Q; , that is,

'Ry = {D;,T1,Ry) -~

One's small world is, simply stated, any connected set of attributes
in which one is interested. For axample, a girl's small world, namely,
"the choice of a suiltor,’ might be given by the following set of connected

attributes, namely,

(The Suitor's Health,
The Suitor's Physical Appearance,
« The SBuitor's Financial Circumstances,(

The Suitor's Education,

\The Girl's Personal Freedon. J

As another example; an individual's small wofld, namely, "'the bufing of a
car," might be given by the Tollowing set of connected attributes, namely,
(The Car's Cost,

The Car's Seating Capacity,

The Car's Engine Horsepower,J

(The Individual's Own Safety.

Similarly, when one is interested in the attributes "self-image" and
"resource-availability," one's small world, insofar as these attributes

are connected, is given by the set {Q;,Q21 .

O
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At any given time the scales T; and T, will, respectively, pair
of f elements of Dy with elements of R, and'eléments of Dy with
elements of Rz . The result of this pairing off is a description, at the
given time, of the state of one's small world {Q;,Q;} . For example, cne
may find that 60%, 30% and 10% of the individuals in gquestion are in the
"low," "medium" and "high" categories of self-image, and that 40% and 60%
of the resources in question are in the "expended" and "neonexpended"
categories of resource-availability. This fact, that is, "the state of
one's small world (as indicated by the pairings induced by T; and T, )
is so and so," is represented, conveniently and compactly, by the

Pproposition,

[P = P] a
where
p = (p1,p2)

((p11-P12-P13)>(P215P22))

= ((0.60,0.30,0.10),(0.40,0.60))
p = (p1.p2)
= ((p315P12-P13) 5 (P215P22))
p;, = The degree of truth of the propositions: T, paired off

D, with =r.,. .
i ij

3The degree of truth of a proposition is equivalent to the degree by
which the propositicn is supported by the available objective and/or sub-
Jective data.
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The meaning of the proposition [p = 5] is: Ty paired off 60% of D
with r;; and T paired off 30% of D; with rj;» and Ti paired off
10% of D) with rj;3 and T, paired off LO% of Dy, with rp; and Tp
paired off 60% of D» with rys ; that is, briefly stated, % represents
X : the true state of {Q;,Q;} (at the given time).

The true state ; represents the pairings induced by T; and Tp
The set of all conceivable pairings will give rise to the set of all con-
ceivable states. LelL us denote this set of all conceivable states by P

Naturally, the true state
p = ({0.60,0.30,0.19),(0.40,0.60))

is an element of P . Examples of other elements of P are

((0,0,12),(0,1))

((0.30,0.30,.40),(0.50,0.50))

'd-.
n

p" = ((0.70,0,0.30),(0.30,0.70))

i}

({0.10,0.80,0.10),(0.60,0.40))

o
I

((1,0,0),(2,0)) .

I
Il

The element p , for example, represents the

individuals and resources in question are, respectively, in the "high"
- céteg@ry of "self-image" and the "nonexpended” category of "resource-
~availability." |
The écncept of the "ideal state" of one's small world can now be
intrcduced.r Simﬁly stated? the ideal state Df‘one's small %orld is the
state whose realization is éreferred to the realization of any other
state. TFor example, if {ngQz} ié my own small world, ani if I am

offered a choice between the realization of
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p = ((0,0,1),(0,1))

and the realization of any other state, I will invariably choose the real-

ization of EE_ A more compact way of stating this fact is as follows.

Let

" is not preferred to

p' 2 p" = The realization of the state p
the realization of the state p!

The ideal state E’, then, is assumed to have the privileged position where-

by it is possible to assert that
PP
for every other state p in F .

The thesis on the basis of which decision criteria can be constructed

can now be stated: One's small-world-behavior is directed at be_ng as

close as possible to the ideal state of his small world. Another way of

stating this thesis is as follows: Let

One's small world, (e.g. {Q1,Q1}) .

Q

F The set of all conceivable states of Q »

T = The ideal state of QFf ¢ F ,
f',£" = Any two states of Qif' g F,f" ¢ F .

One's small-world-behavior, then, is such that realization of the state

" f' is preferred to the realization of the state f£" if, and only if,

f' is "closer" to f than f" to 'f . In other words, & distance function
d(+y+) for which d(f,f') < d(f,f") when, and only when, f' > £" will

serve as a decision eriterion.

- 9



Construction of Decision Criteria

Let us note, at the outset, that, whenever appropriate, the word
"attribute'" will be used as a generic denotstion for the words "objective,"
"eriterion,”™ "factor" and/or "dimension.'" Kow, the state of oue's small
world can be viewed as a point in a multidimensional space, the state
space. According to this view each one of the attributes is represented
along one of the dimensions of this state space. Naturally, most of these
attributes do not have a common scal= of measurem=nt. To this end a common
scale on which the different attributes are measured, namely, the degree of
truth of an event-prewmosition, is introduced. This common scale is,

formally speaking, a probability measure which is defined over events of the

form: the attribute's domain is mapped by the attribute's associated scale
into a subset of the attribute's range. The density-like function which is
generated by this probability-like measure is called the attribute's
monitor. To illustrate, suppose the attribute in which we are interested
is Q; , "self-image." Let us recall that, formally speaking, we have
O = (Dy,T),.Ry)

where

Dy = The domain of Q (e.g., individuals in question).

- T; = Q;'s associated scale (e.gg,psychclogic%l test).
R; = The range of @ (e.g., Ry = {r;1,r12,r13}; r13

= "low" . ri12 = "medium" and r;3 = "high" ).

o v
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In this case the common scale, namely, the degree of truth of an, event-—
proposition is defined over the following events:

a. D; isimapped by Tlr into ¢ , the empty set,

b. Dl is mapped by T; into rj;

c. Dy is mapped by T, in£o ris

d. D; is mapped ?y Ty dinte ry3 ,

e. Dy is mapped by T; dnto - {rjj,riz} ,

f. D) is mapped by T; into {rj;,r;3} ,

g. D; is mapped by T; into {rjs,rjsl »

h. Dj is mapped by T; into R,

Buppose the following data are available: D; iz a set of individuals:
uéan evaluation, T); paired off 60% of D; with riyy; and T; paired
off 30% of D; with rj» and T; paired off 104 of D; with rij

Accordingly, the degree of truth of the proposition " D} is mapped by
Ty dinto rj; " is equal to 0.60, that of " D) is mapped by T; into
ri2 " is equal to 0.30, and that of " D; is mapped by T; into r;z "
is egual teo 0.10. Similarly, since r;; , r1s and ryz are mutually

exclusive and exhaustive categories of @Q; , the degree of truth of the

proposition " Dj is mapped by T; into {rj;,ri12} ., for example, is equal

to 0.90, (0.60 + 0.30). The result of this pairing off is a description

~of the state of the attribute Q; . This description is sufficiently

characterized by the 3-tuple

-

p1 = (P11-P12:P13)

(0.60,0.30,0.10)

11
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This 3-tuple, p; , is called a monitor (of the state of Q1 ). 1In
general, a monitor of Q3,.,p; » is given by a convex linear combination of
the unit vectors

uj; = (1.0,0)

w2 = (0,1,0)
’ ujsz = (O:Q:l) s
- . that is,
3
p1 = (p11>P12:P13) = I pPi vy,
i=1
3
Py 20 PPy 5L
i=1

In particular, uj;3 is the m@nitor‘that describes the staite of affairs
in which 'all the individuals in question are in the "high" category of
the attribute "self-image."

The monitor space of the attribute Qk’Fk is the set of &ll its
conceivable monitors. The Cartesian product of the monitor spaces of the
attributes in which one is collectively interested, F , is called the
monitor space of one's small world @ . This Cartesian Pr@duct F is
precisely the required canonical represerntation of the state space of one’s
Small world. To illustrate, the monitor space of Q;,F) is the sat of

~all convex linear combinations of the vectors uj; ,' Uy s uyg 3 the

monitor space of Qz,P;3 is the set of all convex linear combinations of

the vectors




uzy = (1:(:”

uzp = (0,1) 3
and the monitor space of the small world {Qligg} E P , is the Cartesian
produet of P} and P, , that is,

F ::Pl x Py
examples of points in which are,

» = ((0,0,1),(0,1)) ,

p' = ((0.30,0.30,0.40),(0.50,0.50))

p" = £(0.70,0,0.30),(0.30,0.70)) ,
p''" = ((0.10,0.80,0.10),(0.60,0.%0)) ,

= ((1,0,0),(1,0)) .
In general, the monitor svace of fhe connected set of attributes
Q= {QlaQQ,-..,QN} .
is given by

FElesz-g;.-XFN s

where F£ is the monitor space of the attribute Qk . In this case the

states £ , f' , f" ete. of  Q are given by the N -tuples

f = (fl,fz,...,fN) 3

£'= (£],85,...,08)

f'= (£Y,f%,...,£")

it
N

etec. The monitor space F 1is approprialely metricized by the distance

funetion
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ater,e) =tz e - g7, 1ep e
k=1 .

where"

ey - oo || = Rf [t/ (x) = £2() P aulr|r)

k

1l
k
R, = The range of the attribute Qk a
] .
R= U Rk = The range of @ ,
k=1

fi(r) = The value taken by the monitor fi when evaluated

at the point r of the range Rk H

ple]+) o ~finite-normalized measure.,
in other words u(jl-) is a finite measure which is defined over the
o —algebra of the set R , and which has the multiplicative property.
namely,
WRUIR' ) = w(BY R u(RT[RY )
for every subset R' , R" and R''' of R , such that,
R'C R"C R''" .
This diétanee function is reduvced into a preference function, i.e.,
a(f,f') < a(f,f") when, and only when, f£' > f" ,

by identifying the measure u(-|-) with what I will call "concern measure,"”

C(-]-) . To illustrate, suppose one iz collectively interested in the

P
e

w,
[

o
(T8
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attribut. Q1 , "self-image," and Q, , "resource-availability." LI

us recall that, formally speaking, we have

Q; = (Dl s 11 ':R],)

(D2,Ty,Ry)

Q2
where
D; = The domain of Qi {e.g., individuals in question),
Ty = Q's assceiated scale (e.g., psychological test),
R; = The range of Q1 (e.g., R = {r¥13r123r13}; ry; = "low,"
rip = "medium" and r;3 = "high"),

D, = The domain of @) (e.g., resources in question),

T» = Q2 's associated scale (e.g., accounting procedure)

and
! Ry = The range of Q (e.g., Ry = {rp;,rzs};rz) = "expended” and
‘ rs, = "nonexpended").
v
f Now, insofar as one is concerned about the relation of Dk to Rk s
; k = 1,2, +the news that the event-proposition
(p = »]
? is true will be regarded as the most valuable news item. Let us recall
= -
i that the meaning of the news item, namely, " [p = p] is true" is:
3 . K
f Ty paired off none of Dy with r;; and T; paired off none of Iy

with rj; and T; paired off all of D; with r3;3 and T» paired off

nothing of Dy with rp; and Tp paired off_all of Dy with ryp .- In

[p = pj is true" is a conjunction of news

other words the news item

S e e T ea U | - - iy ] ,'.“5 - "o
items of the form [Pki Pki] iz true" where
1 15
g1

E
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[pki = 7 i] is true
is the same thing as

"Tk paired off

"[p11 = 0] is true" = "T; paired off none of Dy with r); M

Let us, for the purpose of simplifying notations, denote the news item

if — - - SN ] | L B - 7= s .
[Pki : Pki] is true’ by the symbol Erki . In this case

Fry; = T3 paired oiff ncne of D; with ryy; .,
Ery; = T3 paired off none of D; with rj2
Ery3 = T; paired off all of D3 with ri3
Erp,y = Ty vpaired off nothing of Do with ray

" Erss = Ty paired off all of D, with rss .

In general, the news item, namely, " [fk(r) = %;(r)] is true," will be
denoted by Erk . Accordingly, the news item " [fk(r) = }g(r)} is true
11

for every r in R' , where R' is an element of the ¢ -algebra of R ,

is consistently denoted by ER'. and one gets

ER' = A Er s

rkéRi k

where "A' is the conjunctive cormective "and.". The concern measure

' C(-I-)- is defined over news items of the form ER' . 'The quantity
C(ER'|ER) is called one's concern for the event ER' relative to that
of the event AR . The quantity C(ZR'|ER) is interpreted as the
"news-value"” of the news item FER' relative to that of ER . By this we

mean that the inter pretive properties of c¢(.].) are:

Q 1; i’ :1E3
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1. ER' 1is a worthless news item when, and only “hen, C(ER'IER) =0,

2. {Ew',0'} > {ER",0"} when, and only when,
QL'C{ER',ER) ignC(ERnlm) s
where

{ER',a'} = The gamble which results in ZER' with probability

a' or with a worthless news item with probability

3. If {ER',a'} > {ER",0"}, then there is 0 < B' < a' such that
{ER',R'} ~ {ER",a"} s ("~" indicates indifference betveen the

two. news items).

h. The measures ¢(+]+) ana u(+|+) are ison -~phic under the one-

to-one transformations
R' <~> ER'
U o<=— A
C > <=

€

R'C R'UR" <~ ER' <= ER'WER" ,
vhere
U = The set theoreticai operatioﬁ of "union,"

A

The "and" connective of propositional calculus,

The set-theoretical operation of "inelusion,"

N
"

<= = The "implied by" connective of propositional calculus.

The multiplicative property of the concern measure, namely,

i
~I
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c(zr' |ER) = C(ER'|ER")C(ER"|[ER) ,

wvhenever R'CR'"-R , suggests that the gquantity on the left side of this
equation be evaluated as the product of the terms on the right side. In

particular, then,
. c(er, |ER) = c(&r, |ER )C(ER, | ER)
To illustrate, suppose one is collectively iunterested in the attributes

Q) , "self-image," and Q; , "resource-availability." The news items

over vwhich the concern measure is defined are:

Ery1y; = T; paired off none of D; with ri1 »
Brip = T paired off none of Dy with r;2 ,
Ery3 = Ty paired off all of D; with riz

Er.1 = Ty paired off nothing of Dy with rz1 »

" paired off all of Dp with ra2

W
3
)

E‘I‘gg L
and the corjunctions, namely,

EriiAEris EryiAEriz s EryaAfryiz s

ERy = Er1)AEri2/\Ery3
ERy = ErpiNErzz
' ER = ERAER»

The quantity C(Er2;|ER) , for example, is determined as follows. First,
" since

G(Ery, |ER) = C(Eryy|ERy)C(ER, [ER)
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one moves, then, to determine the quantities on the right side by systemn-
atic application of the properties 1 through L4 above.

We have,

C(ER|ER) = 1

C(ER1AER5 | ER)

C(ZR, |ER) + C(ZR;|ER) .
BSuppeose that

{ERy,1} 2 {ER,,1}
. consequently, there is 0 < B; £ 1 such that

j, accordingly,
B1C(ZR1 |ER) = C(ERy |ER) .
i.e.,
o B
C(EREIEE) = i_;_E;

S8imilarly, since
ERo = Er 3 ABros

El’g]_ <LEE Ergg

¢
§F
g one gets
gg C(E’I‘leEﬁz) = C(Ergzlﬁﬁ ) s
g 7
= C{Brp|ER,) + C(Ery, ERy) 3
accordingly,

C(Bry,|ERy) = 0.5
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and, finally., onc gets

C(Br,q |ER) = C(&ry; |ERy )C(ER, | ER)

Let us introduce the important notion of "transparent preferences over

a monitor space Ph - Suppose P; denotes the monitor space of the

attribute Q; '"self-image." An element of P; , it was noted above, is

given as a convex linear combinatiocn of the unit vectors

uy; = (l,G;D)
Uiz = (05150)
) ulé = (Qicil) -

Preferences over P; are sald to be transparent when
1. w3z 2z w2z 2w o
2, -1;1 = uy3z .
In general, when the range of the attribute Qk . Rk s ié giver by
Ry = {rypqsType-vsTynt s

its monitor space Pk is given as the set of all convex linear combina-

tions of the n -unit vectors

ukl = (1,0,@,..,,0)

u ‘0,1,0,...,0)

k2

Ykn

(0,0,0,...,1)

FS
L)

4
-
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and preferences over Pk are said to be transparent when

f. uk,i+l i'uk,i s i= ;,2,.ai,n - 2

b. Py uk,n .

The importance of this notion stems from two facts. First, when prefer-~
ences over Pk are transparent, one gets
]ERk) y i=1,2,...,n -2

o 1 1 7 P4 -
a'. C(Er};,ilERk) z C(E'I'k,i+l

b'. ‘C(ErksnlEEk) =1/2 .

Second, a particularly simple expressicn for the distance function d(+.+)

results when preferences over P ,k = 1,2,...,N are transparent; in fact,

one gets
— , N 7
d(p,p) = 1/2 + kil C(ZR,|ER)py v,
where

T ;
C(ETksllERk)

C(E%kSEIERk)

k ? -
C(Erksn—j_IERk)
. - 1/2 -

b

A : ;3:l



2. Decision Model

The decision problem to which we are addressed is: which pupils,
if any, should be enrolled in which educational programs when one is
interested iﬁ the programs' cost and effectiveness? In this case one's
small world, Q , is the connected attributes, namely, "the programs' costs"
and "the programs' effectiveness." To illustrate, when one is interested
in Q1 , "self-image," and Qp , "resource-availability," the programs'
costs and effectiveness, in this case, will relate to Qp and Q) respec-
tively. Lét t3 denote the point in time at which a deliberate action &
is initiated with respect to Q (e.g., the time at which one decides to

enroll some pupils in some programs). Let the duration of time over which

an action & 1is effective be denoted by T ,

[t19t2] 3

-
|

[9/15/1969, 5/28/1970]

T

Let p(t) denote the true state of Q at time t , ¢t € T . However,
to simplify notations, we will denote p{t;) and p(ts) by p and p(§)

respectively, that is,

~

1Y ;(tl) s

p(s) = plt2) .

Fof example, when, at time t) , " T1 pair off T0% of D; with rj; and
T, pair off 20% of Dy with ry» and T; pair off 10% of D; with

ri3 and T, pair off nothing of Dy with rp; 'and T, pair off all of

Do with 1253 ," one gets
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p = (p1,p2) >

((p11>P12-P13)5(P21sP22))

{(0.70,0.20,0.10),(0,1))

Let the subsets of D; which, at time t; , were paired off with the

categories ry; » ri» and ri13 be denoted by D33 s Djp and Djj3
As an example of ﬁ(ﬁ) . One may have

plenroll D;; and D)3 but not Dyp) = ((0.49,0.26,0.23),(0.40,0.60))

The effect of a course of action & is such that it transforms p into

p(8} ;3 such a state of affairs is denoted by

p(8) = (p1(8},02(8))
o~ [ sy
= (p1.p2)

¥2(8)
where ?k(ﬁ) is a probability-like transition matrix which is construed

as a representation of the effects of & on Qk » l.e.,

p, (6) = p ¥ (8) .

For example, since

(0.49,0.28,0.23)

pi(enroll Dj; and Dj3 but not Dio)
0.7T0 0.20 ©0.10

(0.70,0.20,0.10) |O 0.70 Q.30

0 ) 1.0

L. .23

[ 1
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and

(0.4%0,0.60)

fo. o |
1o.%0 Q.SQJ |

Il

po(enroll Dy and Dja but nol Diz’

‘(031)

one gets

0.70 0.20 0.10
¥, (enroll Dy and D33 but not Dyp) = [0 7 0.70 0.30

[9 0 1.0
and

0 0
¥,(enroll D1 and D33 but not Dip) = [ .

{p.ho 0.60

In general, when

= {QI’QES'!-’QN—ngN} 5

one gets
P(a) (P1(5)=--=sPN (5)’PN(6)) s

p, (8) = §K¥k(6) .

Since, in this case, at leamst one of the attributes relates to the available
resources, let us agree to denote this available resource by DN and to

denote the programs' potential enrollees by Dl’Dz""’DN—l . The subset

of the domain Dk which, at time t; , was paired off with category er ’

will be denoted by DkJ . . ‘
The aevelcpment of the matrix operator wk(s) This development

can be stated as follows. Let {Pl,Pg,.ni, } be the set of identifiable




programs. The subdeonain ijgk =1,2,...,N -1 may enroll in auy combi-

nation {iancluding none) of these programs. A course of action & is defined

in terms of the following zero-one controllable variables, namely,

1 vhen exactly P &P &...&F are operative
=== "m; mp m

5(k,j,m1,“.,mn) =4 on ij "(mys...5m, )=0" indicates the null program. .

0 otherwise.

Under the condition, namely,

J .
5(k,j,0) + X 6(k,j,ml5.i.,mn) = ],k = 1,2,...,N = 1,
mj}<...<mp .
n,ml,...,mngl J = l,'é.’,...,nk

where n, denote the number of categories of Qk . the matrix operator

?k(s) is given by the equation,

, J
Wk(s) = A(kyo)wk(g) + g A(k,mlg._.,mn)‘i’k(ml,-i.,mn) 3
my<... My

NaMys-0e.m =1
sil] s E n

where A(k,ml,.!.,mh) is the matrix

E(k,l,ml,,ii,mn) 0 : . 0 7
0 ﬁ(kgé,mlg...,mh) 0
certasecesaneranenises e estesseiesssran e s asenrannnes .
Yk(ml,...,mﬁ) = Probability-like transition matrix which is construed

as o representation of the effects of P &P  &...&P
m; mp m

on Dk .
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From this development cne constructs the following simple zero-one "linear"
programming model. Let B denote the total dollar value of the available
resources (at time t; ). Let 2(k;j,ni,...,mn) denote the cost of having

Pmi&...&an operative on D . The inecurred cost, C , 1s then given

kJ
by the equation

y-1 " J , ,
) b Z(kgj;ml,,i.,mn)S(k,j,ml,e--,mﬁ) .
k=1 j=1 m<...<m . )

n,m I'11'11
SRS IR e

el

=

1

The matrix operator for Qg . WN(é) , is given by,

Under transparent prefsrences, then, the programming model is:

_ N
Minimize a(p,p(8)) = =+ & C(ER_|ER)p, (8)-w,_
s 2 k=1 k k k

where
p (8) = pY¥, (8)

subject to,

) J
a. 6(k,3,0) + % s(k,g,mi,._.,mn) = 1,k = 1,2,...,8 - 1,
miﬁ§-g<m

4] .
n;ml;---;mnzl . j = lQE;Ejignk Y
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3. Tllustrative Example

In this section the use of the above model is illustrated by applying
it to the following simpie decision situation. The decision-maker, a
superintendent of schools, say, is concerned about the reading achievement
of his 30,000, 25,000, and 20,000 pupils in the third, sixth, and ninth
grades. He is thinking about establishing a remedial reading program. The
funds availeble for such & program are $3 million; the program’'s design,
among other things, is such that it costs $55, $50, and $60 per pupil
enrolled from the third, sixth, and ninth grades. Naturally, he is also
concerned about the effectiveness of the program. The decision-maker wants

to know which pupils, if any, should be enrclled in the program.

Formulating the Decision Problem

The decision-maker is entertaining, among other things, the following

attributes:

Q(1,t) = The reading achievement of third grade pu’pils,h

Q(2,t) = The reading achievement of sixth grade pupils
and

Q(Bst) =

The reading achievement of ninth grade pupils.

The range of the attribute Q(k.t),R(k,t),k = 1,2,3 , is the real line

(=<,=) . The interval (-«=,=) can be reasonably decomposed into

n{k) = 8 categories
r(k,t,1) = (==,- 36]
r{k,t,i) = [- 6(8 - i), = 6(7T - i)].,i = 2,...,7
r(k,t,8) = (0,=] ,

where, for example,

r(3,t,1) = The category of ninth grade pupils who are more than
36 months behind grade level with respect to reading
achievement.,

r(3,5,i) = The category of ninth grade pupils who are 6(8 - i)

to 6(7 - i) months behind grade level with respect

to reading achievement,

The time dimension will be explicitly introduced. Thus X(t) is
used to dencte the status of X,zat time t .

1333
27



r(3,t,8) = The category of ninth grade pupils who are not behind
grade level with respect to reading achievement.

At time +(1) , upon evalunation or otherwise, the following initial

distr‘lbuti@nsg P(k:t(l):l):k = 152:35i = -l;g'.!!"aa s were found:

i . , ,
;\\\ 1 2 3 ,h 5 76 7 8

1 0.11 0.14 0.16 0.20 0.14 0.12 0.08 0.05

2 0.12 0.13 0.25 0.17 0.13 0.10 0.07 0.03
3 0.05 0.13 0.17 0.16 0.16 0.1% 0.13 0.07

‘where, for example,

p(3,t(1),5) = The percentage of ninth grade pupils who, at time +t(1) ,

were found to be 18 to 12 months behind grade level with
respect to reading achievement.
Dismayed by these observations and the fact that over a period of time T s
1 = (£(1),t(2))

the effect of the status quo, W[k,tf,o] , that is, the effect of institut-

ing no remedial programs, is to transform the initial distribution p(k,t(l))
into p(k,t(2),0) ,
plk,t(2),0) = p(k,t(1))v[k,7,,0]
which will not be significantly different from pl{k.t(1)) , that is,
p(k,t(2),0) ~p(k,t(1)) , k= 2,2,3 ,
the deciéion=maker came to entertsin the idea of implementing a remedial

reading program.
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The period of time over which the program is active is T and the

funds available for such a program, B, are $3 million. The pfcgram‘s
design, among other things, is such that it costs $55, $50 and $60 per
pupil enrolled from the third, sixth and ninth gradeg. There are 30,000,
25,000 and 20,000 pupils in the third, sixth and ninth grades. The
decision—maker is in a state of doubt as to which pupils, if any, should
be enrolied in the program.

Now, resources, valued and scarce as they are, should not be expended
(= transformed, exchanged, transferred) unless such expenditures are known
or bélieved to be capable of creating no less value than the value of the
would-be-expended resovrces. The attribute Q(h,t) will be related to
resources in the following way: The domain of Q(4,t),D{(4,t) is the
resources available to the decision-maker at time +t ; che range R(k4,%)

is the two categories r(4,t,1) and r(4,t,2) , where

r(4,t,1) = The category of exchanged resources
and

r(li,t,2)

The category of nonexchanged resources.

The initial distribution of resources, p(L4,t(1)), is (0,1) ., that is,
at the beginning none of the available resources ($3 million) is expended.
The final distribution of the resources, p(4,t(2)), is (¢/B,1 - ¢/B) ,
where
B = $3 million, the dollar value of the total availsble resources
at time (t(1)) ,
C = The claim on B due to enrolling some pupils in the remedial

reading program.



The monitor space of Q(k,t),P(k,t) is the set of a-l conceivable
distributions p(k,t) . The monitor space of the decision situation,

P(t) , is the Cartesian product.

P(1,t) x P(2,t) x P(3,t) x P(L,t) ,
where it is clear that the outcome of any conceiveble action is repre-
sented as & point in P(t) For example, the outcome of not enrclli?g
any pupil in the program, Po(t(g)) , is

o (8(2)) = (p (1,£(2)),p (2,6(2)).p (3,6(2)),p (k.t(2)))

where

Polk,t(2)) = pGs,6(1))¥[x,7,,0]

=~ p(k,t(1)) , k=1,2,3
D (4,6(2)) = p(4,4(2)) = (0,1)

The.ideal outecome p(t) , on the other hand, is

p(t) = (9(1,t),5(2,4),5(3,t),p(4,t)) .
where

plk,t) = (P(k,t,1),p(k,t,2),...,p(k,t,n(k))) ,

plk,+,n(k)) = 1

Plk,t,i) =0 , i # n(k) ,
that is, insofgr as Q(k,t) is concerned, the ideal state of affairs is
to have all of D(k,t) in the categofy r(k,t,n(k)) . For ekample, the
ideal state of affairs with respect to the reading achievemeﬁt of third

grade pupils is to have all third graders in the category r(1,t,8) = not

tehind grade level with respect to reading achievement.

= —
- ‘..5 30
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The decision—maker's objective, ZER(t) , is the conjunction of the

four objectives ER(1,t) , ER(2,t) , ZAR(3,t) and ER(k,t) , that is,

- b
ER(t) = A ER(k,t)
. k=1

ER(1,t) A ER(2,t) A ER(3,t) A ZR(4,t)

ER(1,t) and ER(2,t) and ER(3,t) and ER(Y,t) ,
wvhere

EB(l,t) To have all the third grade pupils not behind grade level

with respect to reading achievement,

ER(2,t) = To have all the sixth grade pupils not behind grade level
vith.respeét to reading achievement,

ER(3,t) = To have all ninth grade pupils not behind grade level with

respect to reading achievementi

and

ER(L,+) To have all the available resources (#3 million) in the
nonexpended category.
Each of the component objectives FER(1,t) ., ER(2,t) , ER(3,t) and

ER(L,t) is, in turn, a conjunction of other component objectives, that is,

8

E'R(l,t) = A Er(lstai) H
i=1
8

ER(E,t) = A E'r(gstsi) H
i=1 .
8

ER(3,t) = A Er(3,t,i)
i=1
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and
>
ER(M,t) = A Er(h,t,i)
i=1
where
Br(1,t,8) = To have all third grade pupils in the category r(1,t,8)
not behind grade level ...
mr(l,t,i) = To have all third grade %ugils not in the category
r(l,t,i)s8 = 1:2,0 0057
Er(2,t,8) = To have all sixth gradé pupils in the category r(2,5,8) ,
not behind grade level...
Ef(g,t,i) = To have all sixth grade puplls not in the category
r(2,t,i),i = 152500257
Er(3,t,8) = To have all ninth grade pupils in the category r(3,t,8) ;
not behind grade level...
Er(3,t,i) = To have all ninth grade pupils not in the category
r(3,t,i)s1i = 1,257
Er(h,t,2) = To have all the available resources in the category
r(4,t,2) , the nonexpended category
and’

—

Er(4,t,1) = To have all the available resources not in the category
r(h,t,1) , the expended cstegory.

The decision-maker's metaobjective is to choose that course of action

whose outcome is closest to the ideal outccome Ekt) . Since'preferences

over P(1,t) ., P(2,t) » p(3,t) and P(h,t) are transparent, the distance
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_— ) , - fafe VD s o
between the ideal outcome p(t) and any other outcome p(t(2))’ , is

.l
d(p(t(z)))=%+ 5 C(ER(k,t)|ER(t))p(k,t(2))wlk)
- k=1
whare

The decision-maker's concern for realizing the

c(FR(k,t) [ER(t))
objective ER(k,t) relative to his concern for the
realization of the spectrum of objectives ER(t) .
p(k,t(2)) = p(k,t(1))¥[k,71,]
W[K,rf] = The effect of the processes operative on D(k,Tf) .

that is, operative on D(k,t) during Te s

for example,

, i . o0
W[h,Tf] =
; * ¢/B 1 - C/B
g and Tor k = 1,2,3
4 ) : 3 ,
i ‘F[k,ff] = ‘P[k,ffgcl + z A(ksTf:l)ﬂ[l‘;:Tf:l] Y
. k=1 . ’
:
% where
] '%(kgl,ngl) 0 0 0 7]
] 0 §(k,2,7,,1) O ... 0
: A(ksTfal) = i L. _'_ e L.
* 0 0 o ... 6(k,n(k),1%,1)

>p(£(2)) is the outcome at the end of the period T, = (£(1),8(2))

11433
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. . . ' NG
1 when the remedial program is operative on D(kngii)

‘S(k:i-al'ral) =
0 otherwise

The offect of the status quo, that is, the effect of no

1

WEksTf;O]

remedial program, on the domain D(k,t) during T,

olk,7,,1] = ¥[k,7.,1] ~ ¥[k,7,,0]

N
Y[kgrf,l] = The effect of the remedial program on D(k,t.)
3 n(x) o
c= 5 1 plkt(1),i)2(k,1.,2)68(ksi,Te1) < B,
k=1 i=1 -
B = $3 millien
z(k,ff,l) = The claim on B if all of D(k,t(1)) is to be enrolled in
the program,
that is,
7(1,7,,1) = 55 x 30,000 = $1.65 million
Z(gng,l) 50 x 25,000 = $1.25 million
Z(S,Tf,l) = 60 x 20,000 = $1.20 million.
. and
wik,1)
- , wik,2)
w(k) = .
w(k,n(k)
w{k,1) = C(Er(k,t,i)|ER(k,t)) i # n(k)

w(k,n(k))j= - 1/2

6 £(1) 1) e g ; (. b
’D(k,t(1),1) is the subdomaia of D(k,t(1)) that, at time (1) ,
were in the category r(k,t,i) ) 7

-, 34
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that is, w(k,i),i # n(k) is the decision—maker's concern for realizing
the objective FEr(k,t,i) relative to his concern for the realization of
the spectrum of objectives ER(k,t) .

In terms of the bivalent variables 6(k,i;Tf,;) as ccntrollable ones,

the solution of the decisivn—maker's problem, then, is the solution of the

following, kn— psack type, programming problem

3 n(x)
Minimize d(8) = (1L - a)/2+ (1 -a) £ = ¢'(k,1,0)

8 k=1 i=I
3 n(k) , ,
+ ¥ ¢ {1 -a)é'(k,i,1) - ¢'(x,1,0)]

k=1 i=1 _
+ aE(k,i,l)/B}S(k,i,ngl) .
Subject to:
3 n(k)
£ £ Z(k;i,l)é(k,i,Tf,l) <B ,

k=1 i=1

vhere
o = é(ER(A,t)IER(t))

The decision—maker's concern for conserving his available
resources relative to his concern for achieving the whole

spectrum of objectives ER(t) ,
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=
R
Il

= ples(1),1)2(k,75,1)

' (k,i,1) = ci(k)p(k,t(l),i)u(g,i)w[k,rf,l]w(k)
81 (k,1,0) = o (p(k,t (1)1 )u i, ¥ (1, T, 0wlk)
e (k) = C(ER(k,t)|E(R(t) - R(h,t))),k=1,2,3

= The decision—-maker's concern for realizing the cbjective
FR(k,t) relative to his concern for the realization

of the spectrum of objectives E(R(t) — R(4,t))

and u(k,i) 4is the i -th n(k) -unit vector, that is, an n(k) -vector

whose .i —th component is 1, all other components being O.

Measuring Concern

Let
ER' A xE(R(t) — R') = Having an outcome about which the only thing
definitely known is that it is ideal insofar

.as R' 1is concerned.
For example, when R' = B(l,t)UR(E,t)UR(Bat) » then

E(R(1,t)JR(2,tR(3,t)) A xFR(4,t) = Having an outcome where ali
third, sixth and ninth grade pupils are not
behind grade level with respect to reading
achievement and the availability of resources

is undetermined,
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where undetermined availability of resources means that it could be anywhere
in the monitor space P(L,t) . From noﬁ on, to simplify notations, the
outcome FR'A xE(R(t) - R') . whenever it is under consideration, will

be written as ER' .

Measuring C(ER(4,t)|ER(t)) . Have the decision meker rank the out-

comes FER(4,t) anda E(R(t; - R(L4.,t)) in order of preference, where the
latter outcome is the one where the pupils'-related objectives ER(1,t)

ER(2,t) and ER(3,t) are fulfilled. Let such ranking be

E(R(t) - R(b4,t)) z ER(L,t)

Consequently,
{E(R(t) - R(h;t))al} 2 {E’R(h:t):l} 3
where

{ER',a'} = The gamble which results in the outcome ZER' with

probability o or in a worthless ( = C -null)

outcome with probability 1 - a' .
‘Let 0 < B' = 1 be such that

{E(R(t) - R(4,t)),8"} ~ {’EB(h,t),i}

1y

that is, the decision—maker is indifferent between having the resource-

i  related objective, BER(U,t) , realized with certainty and having the

37
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pupil-related objective E(R(t) - R(h,t)) realized with probability g'

or the realization of a worthless outcome with probability 1 - B'

Accordingly, one gets .
@ = C(ER(k,t)ER(t)) = £~ |

C(E(R(t) - R(L,t))]|ER(t)) = ?S- >

where “
B=1+8'

Measuring C(ER(k,t)|E(R(t) -R(M4,t))) .k = 1,2,3 . Have the decision-

maker rank the outcomes ER(1l,t) , FR(2,t) and FER(3.,t) in order of

preference. Let such ranking be

ER'(1) 2 BER'(2) 2 ER'(3)
Consequently,

{ER"(2),1} 2 {ER'(3),1} .
Let 0 < B'(2) = 1 be such that

{ER'(2),8'(2)} ~ {ER'(3),1} ,

38
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that is, the decision-maker is indifferent between having the outcome

ER'(3) with certainty and having the outcome FR'(2) with probability

r'(2) or a worthless outcome with probability 1 - B'(2) . Accordingly,

C(ER'(2)|ER(2))

1/8(2)

c(ER"(2) |ER(2)) = B'(2)/B(2) ,

where

ER"(E)

ER'(3)

ER(2)

ER'(2) A ER"(2)

g(2)

T(2) + 1 .

Next have the decision-maker rank the outcomes FR'(1) and ER"(1) inmn

order of preference, where

ER"(1) = ER'(2) AEP'(B)

Let 0 <g'(1) <1 and 0 < g"(1) <1 be such that
{ER' (1),p' (L)} ~ {ER"(1),8" (1)} | s

where, depending on the direction of preference or indifference, at least

one of the quantities B'(1) and B"(1) is equal to oné. Accordingly,

C(ER'(1)|ER(1))

g"(1)/R(1)

g'(1)/p(1) ,

c(ErR"(1)|ER(2))

where

ER(1)

ER' (1) A ER" (1) = E(R(t) - R(L4,t))

g(1) = g*(1) + g"(1) .

The thought of weights, then, are:
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C(ER' (1) |E(R(t) - R(4,t))) = e"(1)/8(1)

c(ER' (2) |E(R(L) - R(L,t))) = g"(1)/8(1)8(2)

I

C{ER'(3)|E(R(t) - R(k4,t))) gr(1)g'(2)/8(1)B(2)

wvhere, to be consistent with the initial preference ranking
ER'(1) > ER'(2) > ER'(3)

one must have

g"(1)/8'(1) > 1/8(2) .

The above data can be represented in Table 1.

Table 1
ER'(1) ER'(2) ER'(3) -
ER(2) 1/g(2) _ g'(2)/8(2)
ER(1.) s"(;)/s(l) g*(1)/8(1) gr{1)/8(1)
c(- 1) em()/e(1) sr(a)/8(1)p(2) s'(1)8"(2)/8(1)8(2)

where row ER(2) indicates evaluation with respect to ER'(2) A ER'(3) ;
row ER(1) indicates evaluation with respect to ER'(1) A ER(2) and the
last row contains the regquired preferential weights.

Measuring C(Br(k,t,1i) |FR(k,t)),k = 1,2,3 . The outcomes

Er(k,t,i)k = 1,2,3,1 = 1,2,...,8 were defined mbove; for example,
Fr(1,t,8) is the outcome where all the third grade pupils are not behind
grade level with respect to reading achievement and Er(l,t,1) is the
outcome where_gggg_of the third grade pupils is 36 or more months behind
grade level with respect to reading achieveméﬂti )

The procedure for measuring c(Frx,t,i)|ER(kx,t)) is simiiar to the

above proceaufe used for measuring C(EE(k,t)IER(t))_, In the present case,

[ Flélf
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however, the initial preference ordering is transparent, that is, it is

the case that
Er(x,t,8) 2 Er(k,t,1) > ... > Er(k,t,7) .
To simplify notations, let

Er'(k,1) = Er(k,t,8)

Ert(k,i)

Br(k,t,i = 1) , 1 # 1

8
A EBr'(k,i) . 58 = 1,2,...,T
i=g+] :

Er'(k,s)

Er(k,s) = Er'(k,s) n Er"(k,s) .

Accordingly, FEr(k,s) is the outcome of having none of the pupils in the
categories r(k,t,s)r(k,t,s+1),...,r(k,t,7) and that Fr(k,1) is the out-
come of having all the pupils in the category r(k,t,8) . In terms of
these notations the initial preference ranking can be written as

Er'(k,1) > Br'(k,2) 2 ... 2 Er'(k,8)

Now, since

é ' Br'(k,T) > Er'(k,8)

é let O < B'(k,7) <1 be such that

H

E {Br (1,7),8' (k,T)} ~ (B0 (k,8),1}

; s that is, the decisian—maker is indifférent between having the autcéme
Er'(k,8) , none of the pupils is in the categcry r(k,t,7) , with
certainty and having the outcome Er'(k,7) with probability B'(k,7)
o®, & worthless cﬁtcome with prébability 1~ 8'(x,7) . Accordingly,

R T RO whety
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c(Er' (x,7)|Br(k,T7)) = 1/e(i,7) >
(B (k,7) | Er(k,7)) = 8' (k. 7)/B(k.T)

where

E‘I‘(k,?) = E'I“(k:?) A EI'"(l{;;'T)
Blk,T7) = B'(k,T) + 1
" (k,T7) = Er'(x,8) -

Next, have the decision-maker rank the outcomes Fr'(kx,s) and Er"(k,s),

s =6,54,3,2. ILet. 0 < B'(k,s) <1 and O < g"(k,s) =1 be such that

{E'I"(kgs),gi(ksg)} ~ {E‘L‘"(k,S)gS"(k;S)]‘T s

accordingly,
c(Br' (k,s)|Er(k,s)) = 8" (k,s)/8(k,s)
c(Er"(k,s) |Br(k,s)) = B'(k,s)/8(k,s) >
where
Er(k,s) = Er'(k,s) /\VE'r"(k,s)
B(k,s) = B'(k,s) + g"(k,s) .

Finally, it is clear that

Er'(k,1) ~ Er"(k,1)
that is, the decision-maker is indifferent between the outcome of having
. all the pupiis not behind grade level, Er'(k}l) , and the outcome of

having none of the pupils behind grade level, Er"(k,1) ; accordingly,

TDePending on the direection of preference or indifference, at least
one of the quantities g'(x,s) and B"(k,s) is equal to one.
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C(Er'(k,1)|Br(k,1)) =

1]
[
~
]

c(Br"(x,1) |Br(k,1))
Furthermore, it should be noted that the quantities R'(k,s) and
B"(k,s) , so determined, are not independent of each other in the sense

that one must have
B"(k,8)/8'(k,s) > 8"(k,s + 1)/B(k,s + 1) , &= 8yevn2
if the initial preference ranking
Br(k,t,8) > Br(k,t,1) > ... > Er(k,t,7)
is not to be violated.
The above data are presented in Table 2,
where
.C(Er(kx,t,8) |ER(k,t)) = 1/2"
2

o(Be(k,t,5 ~1) |ER(K, ) = £x{kas) W Brkadl | 5= 6,5,0,3,2

[\

1 1 B'(k,J3)
280,7)  jLg B(cd) -

c(Br(k,t,6)|ER(k,t))

, -1 CB'(k,T) 2 8" (kad) s ' -
C(Br (6, 7) [BR(x,8)) = £k} I Ll |

that is, the preferential weight C(Er(k,t,i)|ER(k,t)) is obtained as the
product of the numerical entries in the column headed by Er(k,t,i) .

Estimating V¥[k,T7p,0] , the Btatus Quo's Effect

The decision-maker came to entertain the idea of instituting a
remedial reading program when it was "observed" that the reading achieve-
ment of certain groups of pupils was unsatisfactory and that no signifi-

ERIC e
“7 43
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cant improvement was expected in the absence of a remedial program. The

eabodiment of the decision-maker's pattern W[k,ff,Dj which will, over a
period of time 1. , transform the initial distribution p(k,t(1)) into

tue distribution p(k,.t(2),0) , i.e.,
p(k,t(2),0) = p(k,t(1))¥[k,7,,0] .

In the absence of a cunirol group, the transition pattern W[k,ff,o] can
be estimated by asking the decision-maker questions such as: If, at time
t(1) , a hundred sixth grade pupils who are in the category r(2,t,i)
with respect to feading achievement were ggﬁ_énr@lled in the remedial
reading program, how many, cut of these hundred, might ynu be expected

to find in the categories r{2,%t,j),J = 1,2,....8 7

Estimating W[k,rf,l] , the Program's Effect

The tQansition pattern expected of ‘the program, ?[k,rf,l] s, will have
to be estimated by asking the decision-maker, insofar as he conceived and
designed the program, questions such as: If, at time +(1) , & hundred
sixth grade pupils who are in the category r(E,t,ij with respect to read-
ing achievement were enrolled in the program, how many, out of these
r(2,t,3),

hundred, might you be expected to r'ind in the categories

§ = 1,2,...,8 7

45
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i, Numerical Iliustration

Suppose that
ER'(1) = ER(L,t),ER'(2) = ER(2,t),ER'(3) = ER(3,t) ;
that is,
ER(1,t) > ER(2,t) > ER(3,t) ;
that is, insofar as the outcomes FR(1,t) , ER(2,t) and ZER(3,t) are
concerned, the decision-maker prefers having 2ll third grade pupils
not behind grace level with respect to reading achievement, ZER(1,t) , to
haviung all sixth grade pupils not behind grade level with respect to reading
achievement, FR(2,t) , and that the latter outcome is preferred to the one

where all ninth grade pupils are not behind grade level with respect to

reading achievement, FR(3,t). Consequently, let B'(2) = .95 be such that
{ER(2,t),0.95} ~ {ER(3,t),1}

that is, the decision-maker is willing to take 0.05 chance of getting a worthless

certainty. Accordingly,

C(ER(2,%) |FR(2,8) A ZR(3,%)) = 1/1.95 = 0.513

0.95/1.95 = .L87

C(ER(3,t)|ER(2,t) A BR(3,t))

Now, having evaluated the outcomes ZFR(2,t) and ER(3,t) with respect to
each other, one moves to evaluate the outcomes ZER(1l,t) and |

(BR(2,t) A ER(3,t)) , where the latter outcome designates the case where
all sixth and ninth gra&e pupils are not behigd gré&e level with fespect

to reading achievement. Suppose that
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ER(1,t) < ER(2,t) A ER(3,t) .,
that is, the decision-maker prefers having all sixth and ninth grade pupils
not behind grade level to having all third grade pupils not behind grade
level. TLet Bg"(1) > 0.513 be such that
{ER(1,t),1} ~ {ER(2,1) A ER(3,t),8"(1)}
for example,
{ER(1,t),1} ~ {ER(2,1) A ER(3,t),0.T}

indicates that the decision—maker is willing to take a 0.90 chance of
getting ER(2,t) /N ER(3,t) , as opposed to getting ZER(1l,t) with certainty.

Accordingly,
C(ER(1,t)|E(R(t) - R(4,%))) = 0.7/1.7 = 0.h12

C(ER(2,t) A BR(3,t)|E(R(t) - R(b4,t))) = 1/1.7 = .588 .

The corresponding tasbular form (Table 3) is presented below:

Table 3

ER(1,t) R(2,t) ER(3.t)

ER(2) ©0.513  0.487
ER(1) 0.L412 0.588 0.588
c(-]+)] o.412  0.302  0.286

Now, the "internal" evaluation of each of the outcomes JER(1,t) ,
ER(2,t) and ER(3,t) is to be carried out. In this case, however, the

initial erdering is transparent; that is, it is the case that
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ER(k,t,8) > Er(k,t,1) > kr(k,t,2) 2 ... 2 Br(k,t,7)

o

Consequently, let B'(k,7) = 0.95 such that

{Br(k,t,6),0.95} ~ {Er(k,t,7),1}
that is, the decision-maker is willing to take a 0.05 chance of gettiny nothing

in favor of getting BEr(k,t,6) , no pupils in the category Er(k,t,6) , as

.x _opposed to getting Er(k,t,7) ith certainty. Accordingly,

c(mr (k,%,6) |Er(k,t,6) A Er(k,t,7))

1/1.95 = 0.513"

c(Er(k,t,7) |Er(k,t,6) A Er(k,t,7)) = 0.95/1.95 = 0.487

Having evaluated theé outcomes Fr(k,t,6) and Er(k,t,7) with respect to

each other, one moves to evaluate the outcome:s Er(k,t,s) and

A Frii,t,i) , s = 5,...,1 , where the latter outcome designates the
i=s+1

state of affairs where no pupils are in the categories r(k,t.s + 1),

r(k,t,5 + 2),...,r(k,t,7) . Suppose that

T ,
Er(k,t,s) < A Br(k,t,i) , 8= 5,...51
i=g+l

Let B"(x,5) = 0.54 , B8"(k,4) = 0.38 , 8"(k,3) = .30 , B"(k,2) = 0.25

and 8"(k,1) = .0.22 be such that

T
{Fr(k.,t,8),1} ~ { A Br(k,b,i),8"(k,8)} » s = 5,4,3,2,1
s+l

‘The corresponding tabular form, then, is presented as Table L.

™o
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Now, as Lo the transformations W[k,ngo] and W[k,Tfl],k = 1,2,3

let us assume, for simplicity, that
¥[1,1,,0] = ¥[2,7,,0] = ?[33Tf,0] .

¥[1;Tf,i] = W[E,nglj = w[3,1f,1]

Furthermore, let us assume that

[0.95 0.03 0.02 © 0 0 0 0
0.01 0.95 0.02 0.02 0 0 0 0
0 0.02 0.96 0.02 0 0 0 0
¥lk,7,,0] = 0 0 é.os‘u.Qo 0.03 0.02 ? 0
: 0 0 0 0.02 0.92 0.06 0 0
0 0 0 0 0.04 0.95 0.01 0O
0 0 0 0 0 0.02 0.97 9.01
0 0 - 0 0o o0 0.01 0.02 0.97]

[0.50 0.30 0.15 0.05 0 0 0 0
0.55 0.25 0.10 0.07 0.03 0 0
n 0.57 0.30 0.08 0.03 0.02 O
0 0.65 0.20 0.10 0.03 0.02 .
0 0.70 0.25 0.03 0,02
0 0.70 0.20 0.10
0  v.70 0.30
0 0 0 1.0 |

‘i’[k,‘ff,l] =

'c o o o o o o
o oo o o
o D O o
& o o
o

Using the above numerical values for C(ER(k,t) |E(R(t) - R(L4,t))),

C(Er(k,t,1)[ER(k,t)) , @(k,i,1) ¥[k,7.,0] and ¥[k,t.,1] ,

k = 1,2,3,1 = 1,2,...,8 , one gets the following numerical values for the

programming problem's coefficients:
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$' (x,1,1)

i . ) -
N N T T S T S

0.00381 0.00447 0.00477 0.00463 0.00299 0.00021 -0.00361 -0.01030
0.00304 0.00304 0. 0.00288 0.00203 0.00013 -0.00231 ~0.00453
0.00120 0.00288 0.00352 0.00257 0.00222 0.00017 -0.00407 -0.01001

O
o
o
i
=
-

¢'(k,i,0)

i ' ;
a 1 . 2 3 L 5 7 § ] T _?
1 G. 00401 G.00UT1 2.00501 0.00576 0.00269 0.00302 0.00173 -0.0 995
2 0.00321 0.00321 0.005T7hL 0.00359 0.00251 0.00184 0.00111 -0.00438
3 0.00127 0.00304 G.02370 0.00320 0.00274 0.00245 0.00195 -0.00967

72(x,1,1)/B

;T\fj 12 3 . b 5 6 7 a8
o , o _

o.06050 0.07700 0.08800 0.11000 0.07700 0.06600 0.0LLOO b_027§o
0.05000 0.05417 0.20417 0.07083 0.05417 0.04170 0.02917 0.01250
3 10.02000 0.05200 0.06800 0.06400 0.06000 0.05600 0.05200 0.0280C

The programming problem, using a = C(ER(L,t)|ER(t)) as a pararster, is:

3 8
Minimize G(§|a) = * % {¢*'(k,i,1) - ¢'(k,i,0)
) k=1 i=1

+ C’-[Z(kaial)/B = (b’(kaisl) + dJ‘(kgi,O)]}S(k;ing,l)

%, Subject to,
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3 8 ,
o r [2(k,1,1)/8]6(k,i,7,,1) <1,
k=1 i=1 : R

6(k,i,Tf,1) =0or 1 ,

where ¢'(k,i,1) - ¢‘(E;i;0) and - Z(kgi,i)/B)J‘(¢'(k,i;1) - ¢'(k,i,0))'7are

Py

given in the following tables:

8" (k,is1) = &' (k1,0)

\\\i 1 2 3 y . 5 € T 8

~0.00020 -0.00025 ~0.0002% -0.00113 ~-Q.00070 —0.00281 —0.00534 -0.00035
2 -0.0001T ~0.00017 -0.00019 -0.00071 -0.00048 -~0.00171 -0.00342 -0.00015
-0.00007 -0.00016 ~0.00018 -0.00063 ~0.00052 -0.00228 -0.00592 -0.0003k

Z(k;ial)/b —(¢'.(l§,i.,l) - d)'(li,l,O))

X i 1 2 3 bk 5 6 T 8

1 0.C6070 0.07725 0.0882L 0.11113 0.0T770 0.06881 0.0493L4 0.02785
2 0.05017 ©.05L43Y4 0.10436 0.07254 0.05465 0.04341 0.03259 0.01265
3 0.02007 0.05216 0.06818 0.06463 0.06052 0.05828 0.05792 0.0283h
Let

alkyi,1]a) = ¢'(k,1,1) ~ o' (k,i,0) + a{z(k,1,1)/B ~ [¢'(k,i,1) - 3'(k,1,0)]}

that is,
3 8 .
G(8la) = = = a(k,i,1|a)§(k;i,rf,1);
' k=1 i=1 .

Since G(6|e) , the objective function, is linear in the bivalent variables

§(k,igrf,1), and Since the coefficients in the budget constraints,
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%{k,i,1)/B , are nonnegative, the variables that contribute to the mini-

mization of G(8]a) , then, are those with negative a(k,i,l|e) . The

smallest o's that render a(k,i,l|a) positive are

E(ligi:l)
N 1 2 .3 L 5 6 T 8
1 0.00330 0.00324 G.00272 0.01017 0.00901 ©.0k08Y4 0.10823 0.01257
2 0.0033¢ 0.00313 0.00183 0.00993 0.00879 0.03940 0.10495 0.01186
3 0.00349 0.0030T7 0.00265 0.00975 0.08560 0.03913 0.10221 0.01200

Accordingly, if the decision-maker's concern for conserving his available

resources, o , is greater than or egual to a(1,7,1) = 0.10823 , no
pupils should be enrolled in the program.

Using the above numerical data, the prog: mming problem will be
solved for « = 0.002, 0.004, 0.008, 0.012, 0.018, 0.102, and 6.108 .

The objective function's relevant c;efficienﬁs are

~a(k,i,1]0.002)
i
k 1 2 3 L 5 6 T 8
4 0.00008 0.00010 0.00006 0.00091 0.0005k4 0.00267 0.00524 0.00029
0.00007 0.00006 ---  0.00057 0.00037 0.00162 0.00335 0.00012
0.00003 0.00006 0.00004 0.00050 0.00040 0.00216 0.00580 0.00028
~a(k,i,1]0.00L)
N L 2 3 h 5 6 7 8
1 e — —=—  0.00068 0.00039 0.00253 0.00514 0.0C02k4
2 _— —— —-=  0.C00k2 0.00026 0.00154 0.00329 0.00010
3 — e --=  0.00037 0.00028 :0.00205 0.00569 0.00023

r£5:3;
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-a(k,i,1]0.008)
i ' _ -
;\\ 1 2 3 L 5 - 6 T 8
1 -— - -~-  0.00024 0.00008 0.00226 0.0049k4 0.00013
, -— -— ---  0.00C1L 0.00004 0.00136 0.00316 0.00005
3 1 - — -~~  0.00011 0.00004 0.00181 0.00546 0.00011

-alx,i,1l0.012)

N 2 2 03 W 5. 6 1 B
1 ——— - - _— ~--  0.00198 0.00475 0.00002 -
2 -— -— —— e -=~  0.00119 0.00303 ==~
3 —— e e - ~-~  0.07158 7.00522 —--

ANEE! 2 3 ! 5 6 T 8

1 o= — ——— —— -~=  0.00157 0.00445  —--
- — - ——— ---  0.00093 0.00283 ==~
3 — _— _— —— -—~  0.00123 0.00488  —--

g\\? 1 2 3 M 5 6 T 8

1 — — — — — ~==  0.00031 —=-

2 — . == — —— e ~-=  0.00010 ===
- 3 — — — _— e ~==  0.00001 ~——=

o

o4

”~
3
{:% s
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-a(k,i,1/0.108)

- ; 2 o 37 L b B 5 - 6 T 7 78
1 — —— - —— _— . === 0.00001 --—-
2 — —— — _— — —— —_—— ——
3 —— ——— —— —— —_— —— S —

The solutions &%(k,i,1]a') for « = a' when a' = 0.002, 0.00L,

".0.012, 0.018, 0.102 and 0.108 are:

8% (k,i,1]|0.002)
* \1 1 2 3 4 5 6 T 8
k_ - __* — , _ -
1 1 1 0 1 1 1 1 1
2 L 0 0 1 1 1 1 1
3 40 0 0 21 "1 1 1 1
8*(k,i,1|0.00k4)
il .o :
k\ 1 2 3 L4 5 6 T 8
x S — - ———— —
1 0 0 0 1 1-1 1 1
2 1 1 1 1 1
f
; 3 0 1 1 1
- §%(k,1,1[0.008) = &%(k,i;1]0.00k)
§ 6*(k,i,1]0.012)
i1 2 3 4 5 6 T 8
1 0 0 o 0o 1 1
; 2 0 0 0o 1 1 o
3 0 o o 1 1 -
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6%(x,i,1/0.018)
11 2 3 4 5 6
X L ; 5 7
1 0o 0 o0 0 1 1
2 0 0 1
3 o 0 o0 0 1 1
§%(k,1i,1]0.102)
i -
A 1 2 3 4 5 6 7
1 0 1
2 0 1
3 0 1
6% (k,i,1]/0.108)
AN
K \1 12 3 % o5 o6 7
1 o 0 o0 o 0 1
2 o 0 0
3 0 0 © 0 0 0

ob -
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For example, when the decision-makzr's concern for ccnserving his available
rescurces, o , is equal to 0.108,8 the above specific data regarding
C(ER(k,t)|Z2(R(t) - R(k,t))), C(Er(k,t ;)IER(k,t)) z(k,i,1) , ¥[k,71,,0]
and ¥[k,t.,1] , k=1,2,3, i=1,2,...,8 ‘support the course of action
where the pupils tc:bé enrolled In the remedial program are only those
third grade pupils who, at time +(1) , are six months or less behind
grade level with respect to theirAreading achievement.
Naturally, the resulting solution depends on the specific numericsl
-va;ues used for the preferential weights, C(FR(k,t)|ER(t)) and
" C(Br(x,t,i)|#R(kx,t)) ., the costs involved, Z(k,i,1) , as well as the
effects of the program and the status quo, W[k,Tf,l] and ¥[k,Tf,O]

For example, when the program's effect is given, instead, by

0 0 0 0 0 0 0 1]
0 00 G O 0 0 1
0O 0 00 0 0 0 1
vlx,7p,1] = [0 0 0 0 0 00l 5
0 000 0O 0 0 1
0 00 0 0 0 0 1
0 O 0 0 0 0 0 1
0 0 0 0 0 0 O 1] R

=

a <'1/2 is equivalent to asserting that
ER(1.t)AER(2,t)ABR(3,t) > ER(b,t) ,

that is, the realization of the pupil-related cbjective is preferred to the
reallzation gf the resc;rce—ralated one. .

i
g
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that is, when the program is ideal insofar as its effects are concerned,
one finds the following numerical values for the programming problem's

coefficients:

¢' (k,i,1)

3 ) 5 6 T 8

.0288k4 ~0.03296 -0.04120 -0.0288L4 -0.02472 .01648 -0.01020
.01963 -0.03775% ~-C.02567 ~0.01963 =0.01510 -0.01057 -0.00453
.01859 -0.02431 -0.02288 -0.021L45 -0.02002 -0.01359 ~0.01001

1
o

~0.02266
-0,01812
-0.0CT15 -

I 1
o O
1
o

t
O

A
w R R
i
|
]
N

¢'(k,i,1) - ¢'(k,1,0)

3 [=0.02266 -0.03355 -0.03797 -0.04696 —0.03253 -0.027Th ~0.0182C -0.00035
-0.02133 -0.0228k4 -0.04349 -0.02926 -0.02214 -0.0169L -0.01168 ~0.00015
3 -0 -0.02054 -0.00034

.00842 -0,02163 -0.02801 -0.02608 -0,02419 -0.02247 -
Z(k,1,1)/B - [¢'(k,1,1) - ¢"(k,i,0)]

;\Qi 1 2 . 3 y 5 6 7 8

1 0.08717 0.11055 0.12597 0.15696 0.10953 0.09374 0.06220 0.02785

. 2 0.07133 0.07701 0.14766 0.10009 0.07631 0.05864 0.04085 0.01265
: 0.02842 0.07363 0.09601 0.09008 0.08419 0.078LT 0.07254 0.02834

i(k:i :1)
NG 1 2 3 4 5 8 T 8

k i — g o :',V = = m— - T oo .

1 10.30595 0.30348 0.301L2 0.29918 0.29699 0.29592 0.29251 0.01256

0.29903 0.29658 0.29452 0.29233 0.29013 0.28888 0.28592 0.01185

0.29627 0.29376 0 0.01199

.2917h4 0.28952 0.28732 0.28635 0.28315
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-a(kx,i,1[0.002)

0.02628 0.02446 0.02267

789

kf\f; 1 2 3 i 5 6 T 8
1 0.02650 0.03333 0.03772 0.04665 0.03231.0.02756 0.01807 0.00629
2 0.02119 0.02269 0.04319 0.02906 0.02199 0.01682 0.01160 0.00012
3 0.00836 0.02148 0.02782 0.02590 0.02402 0.02231 0.02C40 0.00028
-a(k,i,1]0.004)
i 1 2 : y 6 8
k _ 3 5 _ e T L
i 0.02632 0.03311 0.0374T 0.04633 0.03209 0.02737 0.01795 0.0002)
0.02104 0.02253 0.04280 0.02886 0.02183 0.01671 0.01152 0.00010
3 0.00830 0.02133 0.02763 0.02572 0.02385 0.02216 0.02025 0.00023
-a(X,1,1]0.008)
g\\E\ 1 o 3 4 5 6 T 8
1 0.02597 0.03267 0.03696 0.045 O 0.03165 0.02699 0.01767 0.00013
2 0.02076 0.02222 0.04231 0.02846 0.02153 0,0164T 0.0113% 0.00005
3 0.00819 0.02104 0.0272L4 0.02536 0.02352 0.02184 0.01996 0.00011
-a(k,1,1]/0.012)
i , , .
" 1 2 3 L 5 6 T 8
1 0.02563 0.03222 05036h6 0.04508 0.0312 0.02662 0.01745 0.00002
2 0.02047 0.02192 0.0L1T72 0.02806 0.02122 0.01624 0.01119 ==~
0.00808 0.02075 0.02686 0.02500 0.02318 0.02153 0.01967 ~—-—
~a(k,1,1[0.018)
k,,ﬂ 7 ;W Eﬁ?;ﬁ 3 o iy ﬂ75 §7 ,7 :8
1 G.02510 0.03156 0.03570 0.04413 0.03056 0.02605 0.01708  ——-
2 0.02005 0.021k5s ©0.0L0B3 0.027k46 0.02077 0.01588 0.01094  ——~
3 0.00791 0.02030 0.02106 0.01923 ---
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-a(k,i,1]0.102)

=

VA
-

|

|
(i)

|

|

3‘ L 5 6 7 8

0.01778 0.02227 0.02512 0.03095 0.02136.0.01818 0.01186 ——~
0.0.405 0.01498 0.02843 0.01905 0.01436 0.01096 0.00751 ===
0.00552 0.01k12 0.01822 0.01689 0.01560 0.01447 0,01314  —--

(@)
(@)

-a(k,1,1]0.108)

X : i 2 3 4 5 6 7 8
1 0.01726 0.02161 0.02437 0.03001 0.02070 0.01762 0.01148  ——-
2 0.01363 0.01k52 0.02754 0.01.845 0.01390 0.01061 0.00727  ——-—
3 0.00535 0.01368 0.01764 0.01635 0.01510 0.01400 0.01270 ==

Under these circumstances, one finds the solutions §%(k,i,1]e) ,
« = 0.002, 0.00%4, 0.008, 0.012, 0.018, 0.102, 0.108 to be identical and

equal to:

8%(k,i,1la) , 0.002 < a < 0.108

1 2 3 4 5 6 7 8

1 1 1 1 1 1

‘

I
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that is, when the decision—maker's concern for conserving his available
resovrces, a , is less than or equal to 0.108, the above specific data
support the course of action where third and sixth grade nupils, who are
behind grade level and ninth grade pupils who are 30 morths or more behind
grade level, are enrolled in the program. Similarly, when, besides the
initial transparent ordering,

Zr(k,t,8) > Br(k,t,1) > cee 2 Br(k,t,7) , k=1,2,3 ,
it is indicated that

, 7
{Br(k,t,8),0.9} ~ { A Er(x,t,i),1} s 8 =6,5,...,1 ;
i=s+1

that is, when C(Br(k,t,i)|ER(k,t)) are given, instead, by

N 4

X * 1 2 >3 4 5 6 7

1 0.263 0.125 0.059 0.028 0.013 0.006 0.006 0.500
0.263 0.125 0.059 0.028 0.013 0.006 0.006 0.500

3 0.263 0.125 0.059 0.028 0.013 0.006 0.006 0.500

one finds the following numerical values for the ceoefficients of
the programming problem:

$'(k,i,0)

' ;\\fl 1 2 3 oy 5 6 7 8 "

1 0.01i55 0.00708 0.0C39k 0.00236 0.00075 0.00033 0.00002 -0.00999

2 0.0092k 0.00482 0.00k451 '0.00147 0.00051 0.00020 0.00001 -0.00439

3 0.00365° 0.00457 0.00290 0.00131 0.00056 0.00026 0.00002 -0.00971
L
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¢'(k,i,1)

K 71 1 2 3 ?W,,,”Qi 5 6 T 8
1 0.00812 0.00503 0.00287 0.00096 0.Q0006 -0.0022C ~-0.00481 -0.01030
2 0.00650 0.00342 0.00328 ).00050 0.0006% -0.00104 -0.00309 -0.00453
3 0.00256 0.00324 0.00211 0.00053 0.00004 -0.00178 -0.00543 -0.01001

¢! (k:lsl) - ¢' (ki,i,O)

i ' ] : _
;;\\5 1 e | 7; N 5 6 _ ,?,, 7 78

1 ~0.06619 -0.00205 ~0.00107 —0.00140 -0.00069 ~0.00253 —0.00483 —0.00031
2 ~0.00274 -0.00140 -0.00123 -0.0C087 =0.00047 -0.00154 —0.00305 ~0.000Lk
3 -0.00109 -0.00127 -0.0007T9 -0.00078 ~0.00052 ~0,0020% -0.00545 -0.00030

Z(k,i,1)/B - [¢'(k,i,1) - ¢'(k,1,0)]

X N 1 2 3 4 5 6 T 8
1 0.12669 0.07905 0.08907 0.11140 0.07769 0.06853 0.04883 0.02781
2 0.05274 0.05557 0.10540 0.07170 0.05464 0.04324 0.03222 0.0126k
3 0.02109 0.05327 0.06879 0.06478 0.06052 0.0580k 0.057hS 0.02830
ak,i,1)
i i, - .
;‘\\J 1 2 3 4 5 6 S 8
1 0.52246 0.02593 0.01201 0.01257 0.00888 0.03692 0.09891 0.01115
2 0.95195 0.02519 0.01167 0.01213 0.00860 0.03562 0.09466 0.01108

3 f 0.05168 0.02384 0.01148 0.0120% 0.00859 0.03515 0.09%87 0.01060




=/
/e

1

2

~6P—

~a(k,i,1]0.002)

3 h 5

6

? —

8

p

W N

0.06594
0.00263
0.00105

1

o

.00189
0.
0.

00129
00116

0.00089 0.00118 0.00053
0.00102 0.00073 0.00036
0.00055 0.00065 0.00040

~a(k,i,1]|0.00L)

3 L 5

0.00239
0.001kYk
0.00192

6

0.00473
0.00299
0.00533

7

0.00025
0.00011
0.00024

8

w N~ =

0.06568
0.00253
0.00101

1

0.
0.
0.

00173
00118
00106

2

0.00071 0.00095 0.00038

0.00081 0.00058 0.00025
0.00051 0.00052 0.00028

-a(k,i,1/0.008)

3 ' Y 5

0.00226
0.00137
0.00181

6

0.00L463
0.002g2
0.00523

T

0.00020
0.00009
0.006019

8

T W}/ﬁ

0.06518
0.00232
0.00092

1

0.
0.
0.

001h2
00096
00084

.2

0.00036 0.00051 0.0000T
0.00039 0.00030 0.00003
0.00024 0.00026 0.00004

-a(k,i,1]0.012)

3 Ll 5

0.00198
0.0011%
0.00158

6

0.00hhLY
0.00279
0.00500

T

0.00009
0.0000L
0.00007T

W R

0.0646T
0.00211
0.00084

0.
0.
Oi

00110
00073
00063

0.00000 ' 0.00006 -
—_— 0.00001 -
-— 0.00000 —
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0.001T1
0.00102
0.0013k

0.00424
0.00266
0.00476
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-a(k,i,1|0.018)

i 7 , N
x N\ ; 2 - 3 . gm ) 5 - 6 7,fi B ”QWA
1 0.06391 0.00063 —_— —— e 0.00130 0.00395 -—
0.00179 0.00040 - -——- _— 0.00076 0.002L47 —
0.00071 0.00031 -— ——- _— 0.00100 0.00kL2 _—
-a(k,i,1]0.102)
\\{\ 1 2 L 5 6 8
X _ L 3 e 5 L - 7 !
1 0.05327 — — _— — — — ——
2 - U — — —— ——— — ———
3 —_— — —_— —_— ——— —— —_— —
-a(k,.3,1|0.108)
k 1 2 3 o5 6 7 8
kN _ e - ;tl o o 77,
1 0.05251 - — — -— — L m——— —
2 —— . —— i e [ - o [
3 = - - S —— - v - —-—— —— ———

Under these circumstances, the solutions 8%(k,i,1|a)

o = 0.002, 0.004, 0.008, 0.012, 0.018, 0.102, 0.108 are:

6*(x,1,1/0.002)
il o L. . A
K 1 2 3 4 5 6 T B
1 1 1 1 1 o 1 1 1
2 1 1 0 1 0 1 1 1
3. 1 1 o0 1 i 1 0 :




and

-6l
s*(x,i,1|c.004) = §%(k,i,1]0.002) ,
6%(k,i,1]/0.008) = 6*(k,i,1|0.004) |,
8%(x,i,1|0.012)
N1 2 3 4 5 6 71 8
k _ N
1 1 0 1 0 1 1
2 1 . 1 1 o0
3 1 0 o0 o0 1 1
6*(x,1,1]0.018)
i : ,
X i1 2 3 4 5 6 T 8
1 11 0 0 o0 1 1 ©
1 1 0 11
3 i 1 o o o0 1 1 ©
&*(x,i,1]0.102)
i ;
X 1 2 3 4 5 6 T 8
1 0 0
0 o]
3 0 O 0

5%(k,1,1]0.108) = 8%*(k,i,1]0.102)
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